SINGULARITY OF THE RADIAL SUBALGEBRA OF &(F N
The aim of this paper is to show that in the von Neumann algebra M = £?(F N ) of the free group with N generators Xχ 9 X2, ... , XN > the radial algebra (i.e. the abelian von Neumann subalgebra generated by X\-\ h XN + X\ 1 H 1-XN l ) * s singular. This algebra has been studied intensively in [2] , [3] , [7] because of its connections with the problem of computing spectra of convolutors and with representation theory of FN . In particular in [7] it is shown that the radial algebra is a M.A.S.A. in S?{F N ).
To prove our result we need in fact to prove more than the singularity of A. In order to express this we recall some definitions. We prove that for the radial algebra this invariant is infinite (for each N) and therefore A is singular.
In an earlier version of this paper the proofs were very complicated. I am greatly indebted to Florin Boca who simplified the proofs by noticing the relations in Lemma 1. Also the actual proof of Lemma 5 is due to him.
2. Singularity of the radial algebra. Let N > 2 be an integer and F N be the free group with N generators X\, Xι, ... , XN . Let M = £?{F N ) be the associated von Neuman algebra (which is the weakly closed subalgebra of B (1 2 (F N ) ) generated by the left convolution operators on 1 2 {F N )). It is well known that £?(F N ) is a type Hi factor that acts standardly on l 2 (Fχ), (see [8] ) and that with this identification the norm || || τ coincides with the usual norm || ||2 on l\F N ).
we denote the group ring of F N over C, viewed as a subalgebra of M (thus M o is the linear space of all finite sums ΣweF ^w -w (where λ w are complex numbers) endowed with the usual product structure). Since the void word 0 (the unity of F N ) coincides with the unity of -^(JFV) , we shall simply write 1 instead of λ&. By means of the identification of M with a subspace of L 2 (M, τ) , MQ corresponds to the subspace of finite support sequences in l\F N ).
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Recall that the canonical length function | | on F N is defined by \w\ = |αi| + \a 2 In [2] , [3] , [7] it is proved that A = Sp({χ n \n>0}) w CM (the closure being taken with respect to the weak topology on M) is an abelian von Neumann subalgebra of J? (FN) (called the radial algebra); this in fact a consequence of the following recurrence relations:
Moreover, by [7] , In proving this we will need also to consider for each integer n > 0 the projections P n onto Sp{AwA \weFχ, \w\< n} 2 and the linear subspaces S n c Mβ spanned by {q n (X\w), Qn(wχι), w eF^, \w\ < n -1} (so that S o = (0)). We will later identify S n with the range of the projection P n -\/\q n . Note that with the notation before
Pι=Po
To describe the structure of the cyclic projections associated with an arbitrary vector ζ in M^, / > 1, we will also use the following notation: for all r, s integers let and if r or s are strictly negative, let ξ r)S = 0.
FLORIN RADULESCU
Our first purpose is to show that for every γ in A/j J θ S/, I > 1 the projection p γ commutes with all q n , n > 0 and to describe the range of p γ Λq n To do this we need first the following lemma which is analogous to the recurrence relations (1). where by f(w) we denoted the first letter of w and where we used the equality Σ)μr|=i c x = 0 which follows from the fact that γ beingorthogonal to 5Ί it is also orthogonal on ^.
Finally (d) is proved by induction from the preceding relations.
The next lemma shows that for γ in M^ θS[ 9 p y commutes with q n and range p γ Λq n = Sp{y rj5;r+5== «_i} for all n > 1. Proof. We will prove only (b), (d) since (a), (c) can be proved in a similar (but easier) way.
To prove (b) note that the case n = 0 follows straight from the preceding lemma (point (d)) and hence we can proceed with the proof by induction according to n. Assume that we have already carried the induction up to n and hence we have to compute χ n +\βXm For the sake of simplicity we assume n > 2 and by the use of the second relation from (1) (when n = 1 we have to use the first) we get for any m >0
In order to describe the proof we introduce the following linear operators L and M on Sp(/? Wjm ) defined by L(β n)m ) = β n +\ im and so that by Lemma l.c 
The proof is now accomplished by noticing that *n', m > ^n»
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We can now show that the space 5/ coincides with the range of the projection P/^Λtf/ and deduce that P/_! and 47 are commuting projections. As a corollary we will obtain that the cyclic projections corresponding to two orthogonal vectors in Sp(Λ/^ θ S/ | / > 0) are orthogonal: Proof, (b) is an easy consequence of (a) and of the preceding lemma. (a) is obvious for / = 0 since Po = O and in general it will be proved by induction according to /. Assuming that we have carried the induction up to /, we prove (a) for (/ + 1) instead of /. First we prove that for each w in F^, \w\<l, (3) is true and it follows that rangeq M P t c S M c rangeP/ Λ ft +1 (the second inclusion being obvious). Hence P/ commutes with #/ +1 and S/+1 equals the range of βy+i-P/.
To prove (c) note that by Lemma 2 for any γ in Λf^ θ 5/, / > 1, p γ commutes with all q n and dim(p 7 Λ? rt ) = n-/+l for n> I (and zero for n < I). Hence the following formula holds for / > 1:
and by an elementary induction argument we get (c).
FLORIN RADULESCU
The following computational lemma will be used only in the next lemma. Probably it is known but for the sake of completeness we include its proof here. Proof. For each / > 0 take a basis {£,•,/}/ of M^θSi with £0,0 = 1 € M^, and when / = 1 we have to choose the vectors ζ if ι to be like in Lemma 2 for some ε = ±1 (which is always possible). By Lemma 6 {pζ }ιj have all the same central support in J/'. By Lemma 4, Σ i>1 Pξ = / -pi and hence, since pi e J/ (by Lemma 3.1 in [4] ), it follows that the central support of p? in si 1 is / -p\ for each / > 1. Since by Lemma 4 the family {pξ }/>! is infinite, the theorem is proved.
